The mechanism of a confining medium is investigated within the Nambu-JonaLasinio (NJL) approach. It is shown that a confining medium can be realized in the bosonized phase of the NJL model due to vacuum fluctuations of both fermion and Higgs (scalar collective excitation) fields. In such an approach there is no need to introduce Dirac strings.
Introduction
In Ref. [1] Narnhofer and Thirring have suggested an Abelian model, we call it the NT model, based on the Higgs mechanism and using a similarity between dual superconductivity and the Higgs mechanism. In the NT model confinement of electric quark charges is realized in terms of a confining medium. The dielectric constant of the confining medium ε(k 2 ) vanishes at large distance, i.e. at k 2 → 0, like ε(k 2 ) ∼ k 2 . The former leads to a linearly rising interquark potential providing confinement of quarks [2] .
The analogous mechanism of a confining medium but within dual QCD, bridging between dual superconductivity and QCD, has been considered by Baker, Ball and Zachariasen [3] .
In this paper we analyse the mechanism of a confining medium within the NambuJona-Lasinio (NJL) model [4] [5] [6] [7] [8] [9] [10] . The NJL model should be considered as some kind of relativistic extension of the BCS (Bardeen-Cooper-Schrieffer) theory of superconductivity [11] . Thereby, the nonperturbative vacuum of the NJL model should possess the properties of the ground state of a superconductor in the superconducting phase. Thus, if one would like to get a relativistic field theory with a nonperturbative vacuum that possesses the properties of a superconductor one should use as a trial version of a theory the NJL model.
The Lagrangian of the starting system of quark fields should read
where G and G 1 are positive phenomenological coupling constants that we fix below.
Following [1] we include two kinds of quark fields χ(x), a massless fermionic field with the electric charge g that we call a fluctuating quark field, and ψ(x), connected to the electric current j µ (x), i.e. j µ (x) =ψ(x)γ µ ψ(x). The Lagrangian (1.1) is invariant under a U(1) group. Due to strong attraction in theχχ-channels produced by the local four-quark interaction (1.1) the χ-quarks become unstable underχχ condensation, i.e. <χχ > = 0. Indeed, in the condensed phase the energy of the ground state of the χ-quark fields is negative, i.e.
whereas in the non-condensed phase, when <χχ >= 0, we have W = 0. This means that the condensed phase is much more advantageous to the χ-quark system, described by the Lagrangian (1.1). The χ-quark fields become condensed without breaking of U(1) symmetry as well.
In the condensed phase the χ(x) acquires a mass M satisfying the gap-equation [4] [5] [6] [7] [8] [9] [10] 
where Λ is the ultra-violet cut-off.
The condensation of the χ(x)-quark fields accompanies the creation ofχχ collective excitations with the quantum numbers of a scalar Higgs meson field ρ and a vector field A µ .
Following [5] [6] [7] [8] we define the effective Lagrangian of the ρ and A µ fields as follows
Here we have denoted Φ = −gγ µ A µ − κσ, and σ = ρ − M/κ, where g is the electric charge of the χ(x)-quark field that we fix below. In the tree approximation the σ-field has a vanishing vacuum expectation value (v.e.v.), i.e. < σ > = 0, whereas the v.e.v. of the ρ-field does not vanish, i.e. < ρ > = M/κ = 0.
The effective LagrangianL eff (x) can be represented by an infinite series
The subscript L means the computation of the trace over Dirac matrices. The effective LagrangianL
The r.h.s. of (1.7) describes the one-quark loop diagram with n-vertices. The one-quark loop diagrams with two vertices (n = 2) determine the kinetic term of the σ-field and give the contribution to the kinetic term of the A µ -field, while the diagrams with (n ≥ 3) describe the vertices of interactions of the σ and A µ fields. According to the NJL prescription the effective LagrangianL eff (x) should be defined by the set of divergent one-quark loop diagrams with n = 1, 2, 3 and 4 vertices [5] [6] [7] [8] [9] [10] . The compution of these diagrams we perform at leading order in the long-wavelength expansion approximation accepted in the NJL model [5] [6] [7] [8] [9] [10] when gradients of A µ and σ fields are slowly varying fields. This approximation is fairly good established for sufficiently large mass of the χ-field that we should assume. As result we get
where we have defined
. In order to get correct factors of the kinetic terms of the σ and A µ fields we have to set [5] [6] [7] [8] [9] [10] g
that arranges the relation κ 2 = 2g 2 /3 [5] [6] [7] [8] [9] [10] , and J 2 (M) is a logarithmically divergent integral defined by
(1.10)
The relations (1.9) can be represented in a more comprehensible way in terms of constraints for the renormalization constants of the wave-functions of the A µ and σ fields. For this aim we rewrite the Lagrangian (1.8) as follows
where
are the renormalization constants of the wave-functions of the A µ and σ fields procreated by vacuum fluctuations of the χ-field. In Eq.(1.11) we have held only kinetic terms of the A µ and σ fields, other terms are irrelevant at the moment. Since A µ and σ are bound χχ-states, the renormalization constants Z χ A and Z χ σ should vanish due to the so-called compositeness condition
(1.13)
The compositeness condition can be applied to bound states in non-perturbative quantum field theory [14] . As a result we arrive at Eq.(1.9). Picking up Eq.(1.3) and Eq.(1.9) we bring up the effective Lagrangian (1.8) to the form 14) where M σ = 2M is the mass of the σ-field and
is the squared mass of the A µ -field. The Lagrangian Eq.(1.14) describes the standard Lagrangian of the collective excitations (χχ-bound states) derived within the NJL approach [4] [5] [6] [7] [8] [9] [10] .
The effective Lagrangian describing the propagation of the A µ -field in a dielectric medium should take the form 16) where the ellipses denote the contribution being less important for the moment. If it is a confining medium, the Fourier transform of a dielectric constant ε(k 2 ) should vanish at
. It is seen that the Lagrangian Eq.(1.14) describes a dielectric medium with ε = 1. This should imply that the realization of the confining medium in the NJL approach goes beyond the standard procedure of the derivation of the effective Lagrangian describing collective excitations. The simplest extension of the NJL prescription is to take into account the contributions of convergent χ-quark loop diagrams and the Higgs field loops. As has been shown in Ref. [9] contributions of convergent quark loop diagrams play an important role for processes of low-energy interactions of low-lying hadrons.
Confining medium
First, let us compute the dielectric constant ε by calculating exactly the χ-quark loop diagram with two-vector vertices describing, as has been shown above, the kinetic term of the A µ -field. The exact calculation of the χ-quark loop diagram with two-vector vertices alters the effective Lagrangian (1.14) as follows
where ε(2) is given by
the Fourier transform of which yields
It is seen that ε(k 2 ) defined by Eq.(2.3) does not vanish at k 2 → 0 and the inclusion of other contributions of convergent χ-quark loop diagrams stands by.
The interactions between σ and A µ fields are fully defined by convergent χ-quark loop diagrams and given by
where we have held terms linear in A µ (x)A µ (x) and F µν (x)F µν (x). We have dropped contributions of convergent χ-quark loop diagrams to the other terms of the Lagrangian (2.1) and higher powers of A µ (x) and F µν (x) which are less important for the problem under consideration. We should stress that the derivation of Eq.(2.4) is performed at leading order in the long-wavelength expansion approximation where the gradients of the σ-field ∂ µ σ(x) are slowly varying fields. This approximation is valid for sufficiently large masses of the χ-fields M. The local form of the Lagrangian Eq.(2.4) has been obtained fully due to the long-wavelength expansion approximation.
By appending the interaction Eq.(2.4) to the Lagrangian (2.1) we arrive at the following effective Lagrangian
where we have denoted
The dielectric constant ε(2, σ) reads
and
It is seen that a dielectric constant has become a functional of the σ-field. Thereby, one can expect a substantial influence of the vacuum fluctuations of the σ-field on the dielectric constant. In order to pick up the contribution of vacuum fluctuations of the σ-field we suggest to integrate it out. The effective Lagrangian L eff [A µ (x)] can be defined [13] 
where V eff [σ(x)] describes the contribution of the convergent χ-quark loops yielding selfinteractions of the σ-field. One can expect that V eff [σ(x)] ∼ σ 6 (x) + . . .. The integrals over the σ-field are normalized by the condition
Of course, the exact integration over the σ-field cannot be done and we should develop an approximate scheme. For this aim it is convenient to rewrite Eq.(2.9) as follows
Then, recall the effective Lagrangian Eq.(2.6) has been calculated keeping the quadratic terms in the A µ -field. This means that in the integrand we can expand the exponent holding only quadratic terms in the A µ -field expansion
Thus, up to the quadratic terms in the A µ -field expansion the effective Lagrangian
14)
The derivation of the Lagrangian Eq.(2.14) has been performed in the A µ -field tree approximation. In this case the operators F µν (x)F µν (x) and A µ (x)A µ (x) are not affected by the contributions of higher powers in the A µ -field expansion. Therefore, in the A µ -field tree approximation the justification of the validity of the derivation of the Lagrangian Eq.(2.14) does not need the smallness of higher power terms in the A µ -field expansion.
The expectation values < ε(2, σ) > and < M
where we have denoted 17) and
It is seen that the quantities Z 20) where
We suggest to estimate the constants Z σ A and Z σ M in the one-loop approximation of the σ-field exchange. We can expect that the exact computation of the constants Z A and Z M taking into account all multi-loop contributions should not change the one-loop result essentially but just provide a redefinition of parameters.
In the one-loop approximation Z A and Z M are given by
where ∆ 1 (M σ ) is a quadratically divergent momentum integral
(2.23)
The magnitude of ∆ 1 (M σ ) depends on the regularization procedure. For example, within dimensional regularization ∆ 1 (M σ ) is negative. The computation of ∆ 1 (M σ ) by means of a cut-off regularization is not unambiguous. The result of the computation depends on a shift of the virtual σ-field momentum [16] . Indeed, one can define
where Q is an arbitrary 4-vector that can be a space-like one, i.e. Q 2 < 0. Thus, ∆ 1 (M σ ) is fully arbitrary with both magnitude and sign. This enables considering the quantity ∆ 1 (M σ ) as an arbitrary parameter.
The Lagrangian Eq.(2.14) can rewritten as follows [14] . This should imply that in our approach the confining medium can be realized only if the vector field A µ is a composite field [14] . Conventionally, the structure of the composite A µ -field might be represented likeχγ µ σχ.
Assuming that the A µ -field is a composite field, we can impose the compositeness condition Z σ A = 0:
Since, as has been discussed above, ∆ 1 (M σ ) is an arbitrary quantity, Eq.(2.28) should be satisfied. The compositeness condition Eq.(2.28) fixes the value of Z σ M which yields
where we have used the relation M σ = 2M. Of course, the magnitude of M 2 eff is arbitrary due to the arbitrariness of G 1 . We can set it equal zero, i.e. Thus, furthermore we deal with a massless vector field A µ (x) coupled with the external current j µ (x) =ψ(x)γ µ ψ(x). For the constraint (2.27) the dielectric constant reads
In the coordinate space-time this yields
This behaviour of the dielectric constant produces the confining medium, suggested by Narnhofer and Thirring [1] for an Abelian model and Baker, Ball and Zachariasen for the dual version of QCD [3] . It provides a linearly rising interquark potential at large relative distances without inclusion of dual Dirac strings. One can expect that the result concerning the dielectric constant and the mass of the A µ -field obtained in the one-loop approximation should be valid in the multi-loop approximation of the σ-field exchange. The inclusion of higher-loop contributions should not change the constraints (2.27) and (2.28) but just redefine parameters.
Linearly rising interquark potential
The effective Lagrangian of the A µ -field coupled with the external current j µ (x) = ψ(x)γ µ ψ(x) in a medium with the dielectric constant < ε(2, σ) > defined by Eq.(2.29) reads
We have dropped the terms of order O(A 3 ) and higher that are irrelevant at the moment. Varing the Lagrangian (3.1) with respect to A µ (x) we derive the equation of motion
Conclusion
Thus, we have shown that within the Nambu-Jona-Lasinio approach one can realize the confining medium suggested by Narnhofer and Thirring [1] . The confining medium can be induced by vacuum fluctuations of the χ-fields and the scalar Higgs field σ, being ā χχ-collective excitation, only if the A µ -field is a composite field, the structure of which can be conventionally denoted asχγ µ σχ. The composite vector field A µ is responsible for the interactions between external quark currents j µ (x) =ψ(x)γ µ ψ(x). For large distances due to the confining medium the ψ-quarks interact via a linearly rising potential. This provides the confinement of the ψ-quarks [2] .
It is interesting that such an effective approach allows to avoid the problem of the inclusion of Dirac strings. The analysis of the monopole physics with dual Dirac strings, performed within the Monopole Nambu-Jona-Lasinio model and the dual Higgs model, one can find in Ref. [10] and Ref. [20] , respectively. The discussions with Prof.H.Narnhofer, Prof.W.Thirring, Prof.V.Gogohia, and Prof. G.E.Rutkovsky are appreciated.
